The inviscid incompressible Euler equations are applied to a wide range of engineering applications. For steady state problems, the equation of continuity can be simultaneously solved with the equations of motion in a coupled manner using the pseudo compressibility method. This method helps couple the pressure and the velocity fields during the explicit computation procedure, and therefore speeds the convergence of the method. The discrete form of the two-dimensional flow equations are formulated using the Cell Vertex Finite Volume Method for triangular unstructured meshes. Using triangular unstructured
the effect of viscous stresses can be omitted in the equations of the motion. The resulting set of equations, which is known as the incompressible form of the Euler equations, provides considerable simplicity in the absence of second order spatial derivative terms. This simplification of the governing equations makes the solution easier, and consequently reduces the computational effort.
For incompressible flow conditions, the time derivative of the density vanishes from the continuity equation. If the boundary layer thickness is negligible in the flow domain, the inviscid form of the equations of motion can be used. This set of equations, consisting of the time-independent continuity equation and the time-dependent equations of motion, mathematically represent the behavior of fluid flow. For steady state problems, adding a pseudo time derivative of pressure to the continuity equation removes the troublesome problem of coupling pressure-independent equation of continuity to the pressure-dependent equations motion. This method has been widely applied, mostly with the use of explicit schemes. The computational procedure is to choose the pressure field such that continuity is satisfied at each time-step. This procedure normally requires a relaxation scheme iterating on pressure until the divergence free condition is reasonably realized. The method of pseudo compressibility was initially proposed by Chorin [2] to achieve an efficient computation.
In the present work, the Cell Vertex Finite Volume Method is used to derive the discrete formulas of the governing equations on triangular unstructured meshes. The problem of growing numerical errors, which usually disturb the explicit solution, are overcome by adding artificial dissipation terms suitable for unstructured meshes. These extra terms are used to damp out the unwanted errors and stabilize the numerical solution procedure while preserving the accuracy of the solution. In order to increase the computational efficiency, numerical methods such as Runge-Kutta multi-stage time stepping, residual smoothing and the edge-base algorithm are employed. The accuracy of the described algorithm for the solution of the inviscid incompressible flow equations is assessed by simulation of some simple test cases for which the analytical solution of the velocity and pressure field are obtained. The accuracy is demonstrated by comparing exact and computed velocity and pressure fields.
Pseudo compressibility method
For flow with a high Reynolds number, the boundary layer is thin and limited to a thin layer close to solid walls. In such cases, the effects of viscosity may be ignored in the major part of the flow field. The assumption of inviscid behavior of the fluid flow is acceptable for the regions outside the boundary layer. For low-speed flow problems (Mach number < 0.3) even a fluid such as air is effectively incompressible and hence its density is constant for isothermal conditions. Due to negligible variation in the density, there is no time derivative term in the continuity equation. This matter presents some numerical difficulties for the coupled solution of the continuity equation (zero velocity divergence) together with some time dependent equations (the equations with pressure and velocity components as the dependent variables). For the steady state incompressible problems, the pseudo compressibility method helps to overcome this numerical solution problem [2] . In this method, a time derivative of the pressure, which is derived from an equation similar to the equation of state of compressible gases, is added to the continuity equation. This transient term, which relates the pressure field to the velocity field, vanishes when the solution converges to the steady state condition.
The conservative vector form of the governing equations in Cartesian coordinates is ∂W ∂t
where W = {p/(ρ 0 β 2 ), u, v} T represents the conserved variables, and F = {u, u 2 + p/ρ 0 , uv} T and G = {v, vu, v 2 + p/ρ 0 } T are vectors of convective fluxes of W in x and y directions respectively. The components of velocity u and v and pressure p are three dependent variables, and ρ 0 is the constant density. The parameter β is introduced, using the analogy to the speed of sound in the equation of state of a compressible fluid, by application of the pseudo compressibility method [2] .
In above equations the first row presents the incompressible continuity equation modified according to the pseudo compressibility method. The second and third rows correspond to the equations of motion in the x and y directions respectively.
The system of equations governing the motion of an incompressible flow is of the elliptic type. In an elliptic formulation, pressure waves propagate with infinite speed. Using the pseudo compressibility method, waves of finite speed are introduced into the incompressible flow field as a mechanism to distribute the pressure. Therefore, the system of modified equations given by the modified continuity equation and equations of motion is of hyperbolic type. Chang and Kwak [1] present the theory for the method of pseudo compressibility method.
The speed of propagation of these pseudo waves depends on the magnitude of the pseudo compressibility parameter. Ideally, the value of the pseudo compressibility parameter is chosen so that the speed of the introduced waves approaches that of the incompressible flow. However, this introduces a problem of contaminating the accuracy of the numerical algorithm, as well as affecting the stability property. On the other hand, if the pseudo compressibility parameter is chosen such that these waves travel too slowly, then the variation of the pressure field accompanying these waves is very slow. Therefore, a method of controlling the speed of pressure waves is a key to the success of this approach.
In the present formulation, the magnitude of the wave speed depends on the parameter β. Therefore, the success of the present method depends on the value of β that must be used for fast convergence to steady-state solu-tions, and whether the incompressibility is really achieved within a desired accuracy by the use of the above equations. Some algorithms used a constant value of the pseudo compressibility parameter, and some workers developed sophisticated algorithms for solving mixed incompressible and compressible problems [9] . However, the value of the parameter may be considered as a function of local velocity using the following formula proposed by Dreyer [3] :
In order to prevent numerical difficulties in the region of very small velocities (that is, in the vicinity of stagnation points), the parameter β 2 min is considered in the range of 0.1 to 0.3, and optimum α is suggested between 1 and 5 [9] . In the present work, the parameters β 2 min and α are 0.25 and 3, respectively.
Numerical method
The governing equations are changed to a discrete form for an unstructured mesh by the application of Cell Vertex (overlapping) scheme of the Finite Volume Method. This method results in the formulation [7] 
where the superscripts n and n + 1 denote the nth and the (n + 1)th time stages, W n i represents the conserved variables at the center of control volume i (Figure 1) , Ω i is the area of the control volume,F andḠ are the mean values of fluxes on the control volume boundary side k, and N i is the number of sides of the control volume. The time step (proportional to the minimum mesh spacing) between time stages n and n + 1 is denoted by ∆t. In the present study, a three-stage Runge-Kutta scheme stabilizes the computational process by damping high frequency errors, which in turn relaxes the cfl condition [4] . The explicit solution of above formulation on equally spaced grids presents the behavior of central difference schemes. These schemes do not provide any dissipation mechanism that would compensate the absence of damping by physical viscosity near the high gradient regions. In order to damp unwanted numerical oscillations associated with the explicit solution of the above algebraic equation the numerical dissipation term is added to the convective term [7] C(W i ) =
The numerical dissipation term
where the Laplacian operator
The Laplacian operator at node i is computed using W at the end nodes of all edges meeting node i. Here Λ k is the minimum of λ i and λ j , the scaling factors of the edges associated with the end nodes i and j of the edge k. This formulation is adopted using the local maximum value of the spectral radius of the Jacobian matrix [7] :
Here,ū andv are average velocity component of two nodes of the edge k.
Here ε = 1/256 is used to obtain enough numerical dissipation required for stable convergence to the steady state condition with negligible degradation of the accuracy of the solution.
The value W at node i is modified at every time step by subtracting a residual term R(
/Ω i which is computed using the quantities W at the nodes of boundary sides of the control volume i ( Figure 1 ). As an edge forms part of the boundary of two control volumes, it is efficient to use the edge-base data structure for definition of unstructured meshes. Using the edge-base computational algorithm reduces the number of times the memory is addressed, and therefore provides a considerable saving in computational time.
Boundary conditions
The implementation of the flow and solid wall boundary conditions are adopted for the unstructured meshes. For incompressible flow, at the inflow boundaries free stream values of u and v are imposed and p is extrapolated from interior nodes, and at the outflow boundaries free stream pressure is imposed and u and v are extrapolated from interior nodes. The sign of the dot product of the computed velocity vector and normal vector of the flow boundary curve at computational nodes is used to distinguish between the in-flow and out-flow boundary.
At solid wall nodes the component of the velocity vector normal to the solid wall boundary edges are set to zero, but since the flow is inviscid, the tangential slipping velocities are not zero and are calculated by a method which suits unstructured meshes.
Domain discretization
The solution domain is discretized using an unstructured triangular mesh. This method of domain discretization facilitates geometric modeling of the flow fields with complex irregularities in their boundaries. The irregular triangular mesh was produced using Deluaney Triangulation. Such a mesh generation method allows local refinement of triangular elements by using source points and lines. The use of an unstructured mesh for domain discretization enables mesh refinement in regions where high gradients of the flow parameters exists. In addition it provides the ability to use coarser mesh spacing at positions where the gradients of the flow parameters have small magnitudes. This increases the speed of numerical computation [8] .
Verification of accuracy
The accuracy of the incompressible inviscid flow solver is examined by solving two problems with analytic solutions. The first problem is the flow in an internal 90
• corner as shown in Figure 2 . The analytical solution is obtained from potential flow theory by using a conformal mapping [10] .
The computations were performed on a fully unstructured mesh of triangles (see Figure 2) . A unit free stream velocity and pressure was imposed at The second problem is to calculate the incompressible inviscid flow around a naca0012 aerofoil for which both experimental measurements and exact solutions are available [6, 5] . The mesh may be seen in Figure 4 . The flow is calculated for angle of incidence of 5
• . A unit free stream velocity and pressure is imposed at the inflow and outflow boundaries of the computational mesh. The free stream flow parameters (outflow pressure and inflow velocity) are set at every computational node as initial conditions. The typical convergence of the flow parameters toward the steady state condition is demonstrated in terms of root mean squares of change in pressure and velocity components ( Figure 5 ). This shows the good convergence properties of the scheme.
The results for the case of free stream velocity with 5
• incidence may be seen in Figure 6 (Figure 6(b) ). The pressure contours are not symmetric and the agreement between the computed and both the exact solution [5] and experimental measurements [6] is encouraging.
Discussion
An algorithm that uses the cell vertex finite volume method with an unstructured triangular mesh to determine incompressible inviscid flows has been developed and shown to produce results that are in excellent agreement with exact results for two benchmark problems. The pseudo compressibility method is used to overcome the numerical problem associated with the solution of the equations of continuity and motion. Adding a pressure time derivative term to the continuity equation successfully couples the pressure and velocity fields and speeds up the convergence behavior of the explicit solution procedure without any degradation in the accuracy of the results. Such an efficient algorithm for the computation of both velocity and pressure fields facilitates the numerical modelling of the incompressible inviscid flow problems on complex domains. 
